Abstract-We present a systematic analytic and numerical study of the detection limit of a refractive index sensor employing a directional coupler architecture within a photonic crystal fiber (PCF). The device is based on the coupling between the core mode and a copropagating mode of a satellite waveguide formed by a single hole of the PCF infiltrated by a high-index analyte. Using coupled mode theory as well as full simulations, we investigate the influence of changes in the geometrical parameters of the PCF and the analyte's refractive index on sensor performance, including sensitivity, resonance width, and detection limit. We show that regardless of the details of the sensor's implementation, the smallest detectable refractive index change is inversely proportional to the coupling length and the overlap integral of the satellite mode with the analyte, so that best performance comes at the cost of long analyte infiltration lengths. This is experimentally confirmed in our dip sensor configuration, where the lowest detection limit achievable for realistic implementation is estimated to 7 × 10 −8 refractive index units (RIU) based on realistic signal to noise ratios in a commercially available PCF.
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I. INTRODUCTION

I
N recent years, optical refractive index (RI) sensing has attracted considerable interest in the context of label-free detection of biochemical materials in liquids. The technique has a number of potential applications in environmental monitoring, metrology, medicine, and beyond [1] . Several RI sensor configurations have been demonstrated relying, e.g., on surface plasmon resonance [2] , 2-D photonic crystals [3] , longperiod fiber grating [4] , directional coupling in photonic crystal fiber (PCFs) [5] - [9] , or various forms of ring resonators [10] . Among these, PCFs offer the advantage of being relatively easy to mass-fabricate, and of having very good quality microfluidic channels in close proximity with the fiber core. The proximity yields strong modal overlap, and thus, allows detection of small changes in RI of the analyte [1] , [11] . In earlier work, we demonstrated an ultrasensitive directional coupler RI sensor using a commercially available PCF [5] , with a sensitivity of 38000 nm/RIU and an estimated detection limit (minimum detectable RI change) of about 5 × 10 −7 . Similar sensitivities and detection limits have been demonstrated in similar architectures [12] - [14] , and higher sensitivities (70000 nm/RIU) have also been suggested in modified geometries [15] . However, the sensitivity alone says little about the detection limit, which also depends on resonance width and various sources of noise [16] . Originally, we had argued that the high sensitivity and low detection limit were linked to the high sensitivity of cutoffs to RI changes. We also argued that the good performance of the sensor was related to the high overlap of the satellite waveguide mode with the analyte (the analyte being in essence, the waveguide), but we did not discuss this aspect in detail, nor did we discuss the role of the length of the directional coupler or other geometrical parameters of the fiber.
Here, using coupled mode theory as well as full numerical simulations, we investigate in more detail the relation between sensitivity, resonance width, detection limit, and various field overlap integrals and modal dispersion. We discuss the influence of changes in the geometrical parameters of the PCF and the RI of the analyte on the sensor performance, namely the sensitivity, the resonance width, and the detection limit. Lee et al. [12] followed a similar approach for deriving sensitivity and detection limits for a very similar geometry, but defined a figure of merit that strongly depends on modal group index differences which we show can be eliminated: ultimately, and as would be expected from perturbation theory, the best achievable detection limit depends only on the overlap between the analyte mode's fields and the analyte, the coupling length, and the resonant wavelength. Given the importance of the fluid length compared with the coupling length, we also study the transmission as a function of fluid length, both numerically and experimentally, and discuss the dependence on incomplete reflection at the fiber end when using the sensor as a dip sensor.
The paper is organized as follows. In Section II, we expose the principle of the sensor, and using coupled mode theory derive analytic results including the ultimate detection limit. In Section III, we compare experimental data to results from full numerical simulations and coupled mode theory, to validate our approach. In Section IV, we use full numerical simulations as well as the coupled mode theory to study the performance of such sensors as a function of fiber geometry, including changes in hole-lattice period (or pitch), analyte-hole diameter, RI of Effective index dispersion of the interacting modes when the material dispersion is ignored. Here, n b g , n co, eff , and n sat, eff denote the refractive indexes of the background and effective indexes of the core, and satellite waveguide modes, respectively. The insets of Fig. 1(b) show the field profiles of the satellite waveguide mode at the wavelength shorter and longer than the cutoff wavelength (λ c ).
analyte, and position of analyte-hole. In Section V, we study the sensor in reflection, as a dip sensor, and discuss the importance of the fluid length and reflection coefficient for the satellite mode, before concluding in Section VI. Fig. 1(a) illustrates the directional coupler geometry within a PCF, as already described in Ref. [5] . The PCF is index guiding, with a solid silica core surrounded by a hexagonal array of air-holes (diameter d and center-to-center separation, or pitch, Λ) and outer silica region. One of the air-holes [the red circle in Fig. 1(a) ] forms a microfluidic analyte channel within the PCF and is filled with a high-RI fluid (the "analyte," index n a ), operating as another index-guiding "satellite" waveguide itself. Light in the fundamental core mode can evanescently couple to modes of the satellite waveguide, and coupling is strongest when the phases of both modes are matched, i.e., when their effective indexes are equal. Fig. 1(b) shows the schematic effective index dispersion of the core mode and of a higher order satellite mode, where the material dispersion is ignored. Here, n bg , n co,eff , and n sat,eff denote the RI of the background, and the effective indices of the core and satellite waveguide modes, respectively. As can be appreciated in Fig. 1(a) , the satellite waveguide is surrounded by two lower index layers, i.e., the inner low index background material and an outer ring of air-holes. At short wavelengths, modal fields are tightly confined within the high-index analyte. When increasing the wavelength, eventually the mode of the high-index fluid cylinder in silica is cutoff, fields expand out of the fluid and are then confined by the microstructure, as shown in the two insets of Fig. 1(b) .
II. THEORY
A. Principle of Operation
During this transition, the effective index of the satellite mode goes from being confined in the fluid, and thus, n sat,eff > n bg > n co,eff to becoming a higher order mode of a structure similar to that of the fiber's core with n sat,eff < n co,eff . There must thus be a wavelength λ r close to the cutoff where n sat,eff = n co,eff . At that resonant wavelength λ r , the propagation constants of the core and satellite modes are equal, and complete resonant evanescent transfer of power between the two waveguides can occur. Since λ r is close to λ c which itself depends on n a , the RI of the analyte can be inferred by measuring the wavelength of the dip in core transmission due to the resonant transfer.
B. Coupled Mode Theory
Treating the directional coupler using coupled mode theory has become classic textbook material and we refer to, e.g., [17] - [19] for details. We here nonetheless give an extensive summary of the results for completeness of the paper and to introduce useful notations, closely following [19] .
The fields in the directional coupler are calculated from the fields in each waveguide in isolation. Both waveguides are invariant along the propagation direction z. We call n co (x, y) the RI distribution of the core in isolation, n sat (x, y) the RI distribution of the satellite waveguide in isolation (see Fig. 2 ), and n dc (x, y) the RI distribution of the full directional coupler. We assume the waveguides to be lossless, which is a good approximation for the core, but may be less so for the analyte channel, depending on the analyte. The fundamental mode of the unperturbed core has a normalized field distribution E co , H co and propagation constant β co , and the mode of interest of the satellite waveguide has normalized field distribution E sat , H sat and propagation constant β sat . Fields of both modes are normalized to carry unit power P 0 . Assuming that coupling between waveguides is weak, the fields E, H of the full directional coupler can be expressed as a z-dependent superposition of modes of the individual waveguides taken in isolation:
with H following a similar equation. It can then be shown that, if the waveguides are more than several wavelengths away from each other, the coefficients A co and A sat satisfy [20] :
At resonances, the coupling coefficient κ 12 and κ 21 are related through where, ε 0 and ω denote the vacuum permittivity and angular frequency of light, respectively. The integrand in Eq. (4) is nonzero over the core waveguide and zero elsewhere. In the PCF sensor, light is injected in the core only, and we thus start with A co (0) = A 0 and A sat (0) = 0. Solving Eqs. (2) and (3) then yields for the normalized powers P co and P sat in the core and satellite modes, respectively:
where q = (κ 2 + δ 2 ) 1/2 and δ = (β sat − β co )/2. When both propagation constants are equal (δ = 0), a complete transfer of power between the core and satellite mode occurs periodically along the length of the coupler, with period π/κ, and the first complete power transfer from the core to the satellite occurs at the coupling length L c = π/(2κ). In the PCF sensor, the coupler's length L is determined by the length of the analyte fluid plug in the satellite hole. Clearly, if L =L c the power transfer is not complete, and the dip in transmission will not be optimally deep. Also, even when δ = 0 partial power transfer can occur, with weaker transmission dips surrounding the main phase matched dip. Fig. 3 shows an example of expected transmission spectra for various lengths L. In practice, it will be important to match the fluid length as closely as possible to L c to optimize the depths of the dip, and as discussed in Section V also to optimize the detection limit of the device.
The aforementioned analysis considers coupling between single modes of each waveguide, but in reality the core mode is a degenerate pair, and there are typically four almost-degenerate modes of the satellite waveguide (TM, TE, and HE 21 -like modes of McIsaac symmetry classes 1, 2, 5, and 6 forming the LP 11 manyfold [21] ). Each of the satellite modes can couple to each of the fundamental modes, but half the combinations have orthogonal symmetries, yielding zero coupling coefficients (see also Fig. 4 showing an example of coupling length between all modes). By controlling the input polarization of light, half the remaining combinations can be excluded, and for the two remaining combinations of modes, phase matching wavelengths will be different enough for the spectral features to overlap only weakly, as was seen in the experimental spectra in Ref. [5] and will be discussed further in Section III-A.
C. Sensitivity
The sensitivity of the sensors is defined by the shift of resonant wavelength per change in RI of analyte [20] . To derive the sensitivity, we use perturbation theory to estimate the shift of n co and n sat induced by a small change δn in n a . From [17] , Eqs. (31-39), (31-23), and (31-31)] and using that to first order
where the index l stands for the core or satellite, n wg g,l is the waveguide group index of the core or satellite mode (the group index without material dispersion, as given by Ref. [17] , Eq. (31-31)]) and f l are the fractions of field intensity in the analyte of the core and satellite modes:
By using the fact that phase matching condition is satisfied for all λ r (n a ) using Eq. (7) and the definition of the group index, we obtain
where Δn g = n g,sat − n g,co , with n g,l the total group indices of the core and satellite modes (i.e., n g = n eff − λ(dn eff /dλ) with full material dispersion. Note that Eq. (9) is derived for a fixed change δn in analyte index at resonant wavelength, but does not account for an additional change in analyte index caused by the change of the resonant wavelength, due to material dispersion of the analyte. Defined in this manner, the sensitivity does not depend on the analyte's material dispersion to first order, lending itself better for performance comparison. We will see in Section III-A. how to correct for the analyte's material dispersion. The integral in the numerator of Eq. (8) is much smaller for f co than for f sat as on only a weak evanescent tail of the core mode E co reaches the satellite waveguide, whereas the satellite mode has strong overlap with the analyte at its centre. The (n wg g,l )/n a terms are typically of order unity so that the first term in brackets will be dominant over the other. Note that, in contrast to our earlier work deriving the sensitivity from cutoff wavelengths, the sensitivity is here expressed in terms of the field distribution of the interacting modes as well as their group indices, which are characterized by the specific implementation of the sensor. As can be seen in Eq. (9), having small group index mismatch in the denominator will yield higher sensitivity, however, we will see that this does not lead to smaller detection limits. We also note that the expression in Eq. (9) is very similar to that derived for long period grating PCF sensors derived by Rindorf et al. [20] , which is no coincidence since both sensors rely on the coupling between two copropagating modes.
D. Resonance Width
For L = L c , the width of the transmission dip around the resonance can be derived from Eq. (5) by solving numerically T = 0.5 for δ/κ, yielding δ/κ ≈ 0.80 and leading to a full width at half maximum (FWHM) (which again is identical to the FWHM of transmission dips in long period gratings [22] ):
As can be noticed in Eq. (10), the resonance width is inversely proportional to both the coupling length and the group index mismatch. The resonance width can thus be adjusted for desirable sensor performance (e.g., low detection limit) either by tailoring of the group index dispersion of the interacting modes, or by adjusting their modal overlap which affects the coupling length, either of which can be done by adjusting the geometrical parameters of the PCF such as the pitch and air-hole diameters.
E. Detection Limit
The detection limit (δn) is an important figure-of-merit to characterize the sensor performance, and is defined by the smallest detectable change in RI. While it largely depends on experimental implementation, noise levels, and signal processing, for measurements relying on the location of a peak of full width at half maximum Δλ, White and Fan [16] derived a heuristic formula to obtain the detection limit depending on signal to noise ratio, which, if the resonance width is much larger than the resolution of the spectrum analyzer, and thermal noise is not limiting, can be simplified to:
where SNR is the signal to noise ratio of the measurement in linear units, near the minimum of the transmission. Note that a combination of narrow resonance width and high sensitivity are required to obtain low detection limit, because in the presence of noise it becomes hard to detect a shift in resonance smaller than the width of the resonance itself. It is important to note that Δλ in Eq. (11) is not Δλ −3dB in Eq. (10)-indeed Eq. (11) is derived for a peak, and using the symmetric curve, for a dip Δλ should be the width at twice the minimum, 3 dB above minimum noted Δλ +3dB . However, in the ideal case of a directional coupler of length L c the minimum is zero, and Δλ +3dB is undefined. In any realistic case, the minimum will not be zero but some value T min , either because the length is not exactly L c or because of noise. In that case, taking an second order expansion of the Eq. (11) around the minimum for small u = (L − L c )/L c , or simply matching a quadratic minimum with minimum value T min and width at half maximum Δλ −3dB it can be found that the full width at double minimum Δλ +3dB is directly related to the depth of the transmission dip through
In Eq. (11), the sensitivity and dip width are thus not completely independent quantities, as in particular they both are inversely proportional to the group index mismatch. Combining Eqs. (9)- (12) , and assuming f co f sat , we reexpress the detection limit when L ≈ L c as
The first term in Eq. (13) in essence determines how much fluid the light is probing: the detection limit is inversely proportional to the number of wavelengths allowed to propagate in the length of the fluid (L c /λ r ) and inversely proportional to the fraction of power of satellite mode in the fluid. The second term-the ratio of analyte index to waveguide group index of the satellite mode, can only be marginally affected by fiber design (in all cases presented here it is close to unity), although in principle, using a satellite waveguide with very strong confinement could affect the waveguide group index considerably. Finally, the last term in Eq. (13) solely depends on experimental conditions. The first term is thus the one that can be affected most by design of a PCF: the modal overlap between the interacting modes can be modified by changing pitch, hole size, or satellite position, changing both the coupling length (L c ) [through κ and Eq. (4)] and the fraction of modal intensity in the analyte (f sat ) [Eq. (8)]. In the next section, we will evaluate the sensitivity, resonance width, and detection limits as a function of pitch, analyte RI, diameter, and position of the satellite hole to optimize sensor performance, comparing numerical simulations of the full structure and coupled mode theory and expressions from Eqs. (9)- (13) . We insist on the fact that detection limits given by Eq. (13) are an indication of what is achievable, and a useful quantity to compare theoretical device performance. However, it cannot replace an experiment-based assessment of the performance of a specific device. When evaluating the detection limit, we will use a value of signal-to-noise ratio of 36 dB and T min = -30 dB; these are a fairly arbitrary value of course, but correspond to values close to the best we could achieve in our experiments. Note that T min = -30 dB can only be achieved if L is within ∼2% of L c (see Fig. 3 ), and to obtain an SNR of 36 dB near the minimum of the transmission, the signal has in particular to be 36 dB above the noise floor of the optical spectrum analyzer (OSA) (so that the overall signal is 66 dB above the noise floor). Scaling of results to other noise levels or transmission minima can readily be obtained from Eq. (13). Fig. 4 illustrates the modes of the core and satellite waveguides, and their coupling constants. We calculate modes of PCFs based on the geometry used in our experiments (Crystal Fibre A/S, ESM-12-02, with high index analyte being Cargille Laboratories Inc., index-matching fluid, series A, n d = 1.50 at T = 55.5
F. Modes and Their Coupling Length
• C and at λ = 1.5 μm, dn fluid /dT = −3.86 × 10 −4 / • C), using the multipole method [23] . Overlap integrals are based on the modes of the following two structures: 1) the solid core surrounded by four rings of air holes (for the core waveguide) [see Fig. 2(a) ], and 2) the fluid-filled hole surrounded by two rings of air holes (for the satellite waveguide) [see Fig. 2(b) ]. The air-hole diameter, the pitch size, and the analyte RI used for calculating the modes in this section are d = 3.68 μm, Λ = 8 μm, and 1.471, respectively. Fig. 4 shows the field profiles of the core and copropagating satellite modes calculated for a wavelength of 1500 nm. The lowest-order modes of each waveguide are the HE 11 -like degenerate core mode (where we will distinguish HE 11x the predominantly x-polarized mode and HE 11y the predominantly y-polarized mode) and the LP 11 fourfold satellite modes (composed of four true modes: the TM 1 , TE 1 , and degenerate HE 21 modes), respectively. The resonant wavelengths and coupling lengths for all eight possible combinations are calculated by the overlap integral of Eq. (4), and the results are also shown in Fig. 4 . In the next sections, all integrals will be calculated at resonance. Since each of the two core modes has a field symmetry with respect to the y-axis orthogonal to two of the LP 11 modes, four of the mode combinations (HE 11x -TE 1 , HE 11x -HE 21y , HE 11y -TM 1 , and HE 11y -HE 21x ) do not couple, while the other four combinations (HE 11x -TM 1 , HE 11x -HE 21x , HE 11y -TE 1 , and HE 11y -HE 21y ) have coupling lengths of a few centimeters. While the detection limit improves with increasing coupling length, lengths in excess of ∼10 cm become unpractical, as the time necessary to fill holes through capillary forces is proportional to the square of the length to be filled [24] . In practice, a polarizer is used to excite HE 11x only so that only two possible couplings are left with coupling lengths in the centimeter-rangebetween HE 11x mode of the core and the TM 1 and HE 21x modes of the satellite waveguide. The latter two have similar coupling lengths and indeed will have similar properties. In the following simulations, we thus consider only the coupling between one mode of the degenerate core pair, HE 11x , and the nondegenerate LP 11 satellite mode, TM 1 .
III. VALIDATION AND EXPERIMENTS
In order to validate our numerical approach based on the coupled mode theory, we directly measure the sensitivity of a PCF index sensor over a range of refractive indices. In a previous paper [5] , we already showed mode profiles of the satellite and core modes, which agree well with the mode profiles discussed in 2.6. Fig. 5 illustrates the schematic diagram of the PCF directional coupler sensing system, and its basic configuration is very similar to that described in [5] . The sensing part is composed of the PCF (Crystal fibre A/S, ESM-12-02) and the high-index analyte (Cargille Laboratories, Inc.) axially infiltrated in one of the airholes as described in Section II-A. The geometrical parameters of the PCF used in experiments are as follows: Λ = 8.0 μm, d = 3.6 ± 0.2 μm, and d core = 12.3 ± 0.2 μm. The length of the fluid filled PCF is 7 cm, and the fluid index is changed by a PID-controlled heating element controlling the temperature of the entire PCF. Because of the very low thermal expansion coefficient of silica (∼5.5×10 −7 K −1 ), the change in pitch and diameter across the temperature range studied is less than 1 nm, and can safely be ignored.
A. Sensitivity Measurements
Note that any temperature associated variation in the optical properties of the fiber is dominated by the change in fluid index because the thermo-optic coefficient of silica is smaller than that of the fluid by more than an order of magnitude. A supercontinuum source (Crystal Fibre A/S: P avg > 10 mW, P 0 = 1.5 kW, Δλ = 500 -1750 nm, τ = 1 ns) used to characterize the sensor is launched into the PCF core, and the output from the other fiber end is monitored with an OSA as illustrated in Fig. 5 . The output light is spatially filtered through a pinhole to keep only light coming out of the PCF core. A thin (∼0.18 mm) glass cover slide is used to prevent the leakage of fluid, and an output polarizer aligned with one of the PCF's optical axes is used to select the relevant combination of the interacting modes described in Section II-E. The measured transmission spectra then have two distinct deep dips, as shown in Fig. 6(b) .
B. Measured Sensitivity as a Function of Fluid Index
By changing the temperature of the sample, we can change the RI of the fluid continuously, which allows us to measure the sensitivity as a function of fluid index for comparison with theory. We measured the shift of the longest resonant wavelength in Fig. 6 (b) between T = 34 • C and 93
• C, and numerically derived the sensitivity from this data. Note that these measurements are limited by the measurable wavelength range of the spectrum analyzer (<1700 nm) and the achievable temperatures of the heater (<95 • C). Fig. 6(a) shows the smooth variation of the resonant wavelength over the temperature change of ΔT = 59
• C corresponding to a total index variation of Δn a = 0.0228. A quadratic fit to the measured results yields λ r (T) [nm] = -3.9 × 10 −2 T 2 -7.4 T + 2.0 × 10 3 , and the sensitivity is then determined as function of temperature through the relation:
where ∂n a /∂λ corrects for the material dispersion of the analyte. The measured sensitivity is shown in Fig. 7 , along with simulation results described below.
C. Simulated Sensitivity as a Function of Fluid Temperature (or Analyte Index)
We simulate the structure used in the experiment: the geometry is identical to that in Section II-E., but taking into account the temperature dependent RI and material dispersion of the analyte, and material dispersion of silica. We repeat the simulations for a range of temperatures. The full dispersion curves and mode profiles as a function of wavelength are calculated using the multipole method for the HE 11x mode of the core and TM 1 mode of the satellite waveguide for each temperature. From these simulations, we can extract the sensitivity, resonance wavelengths and width, coupling lengths, and detection limit. Fig. 6(a) shows the resonant wavelength from simulation results. The resonant wavelength from simulation only approximately matches the measured coupling wavelength, which we attribute to the inaccurate determination of the exact size of the analyte hole combined with the extreme sensitivity of the coupling wavelength to not only the analyte index but also the exact size of analyte hole: the 400 nm uncertainty on the hole size corresponds to a variation in resonant wavelength of ±240 nm. To verify the differences do not come from our assumption that the RI changes in silica are negligible compared to those of the fluid, we repeat the calculation taking into account the temperature dependence of the RI of fused silica (red curve in Fig. 6(a) , almost overlapping with the previous black curve). The effect of the satellite hole size will be discussed in more detail in Section IV-B. Fig. 7 shows the sensitivity determined numerically by the amount of resonant wavelength shift with respect to this RI change (blue curve) for each value of the temperature [corrected for material dispersion as per Eq. (14)], as well as using coupled modes theory using Eq. (9) (red curve-note Eq. (9) was derived for wavelength independent n a ), where values of κ, f sat and group indices are taken at the resonance wavelength λ r . The full numerical approach agrees well with results from coupled mode theory, validating our approach. The measured sensitivity is also shown for comparison. Experiment and simulation agree reasonably well, with the small offset again attributed to discrepancies between the idealized simulated structure and the actual PCF, and the fact we neglected the temperature dependence of the RI of silica in simulations. The simulated FWHM is shown in Fig. 7(b) , and the estimated detection limit along with the coupling length are shown in Fig. 8 . Note that the FWHM is also in good agreement with Fig. 6(b) .
With increasing temperature, the index contrast between fluid and silica is weaker, yielding weaker modal confinement in the satellite waveguide so that f sat decreases. From Eq. (13), we would then expect the detection limit to increase with temperature. However, our simulation results show that decrease in f sat is only of 2% of the initial value over the considered temperature range, and that the detection limit in fact diminishes rather than increases with temperature.
To understand why, first we note that over the range of analyte RI considered, the resonant wavelength decreases by 38%; at shorter wavelengths, both the core and satellite mode are more strongly confined, yielding a decrease in coupling coefficient κ and also a decrease in Δn g by approximately 53% between 35.5
• C and 85.5
• C. For the sensitivity, the change in both these quantities largely cancel out as expected from Eq. (9), resulting in a sensitivity that is mildly increasing with temperature as shown in Fig. 7(a) . The change in overlap, however, means the coupling length increases with temperature (see Fig. 8 ), which combined with the decreases in resonant wavelength dominates Eq. (10) so that the resonance width decreases [see Fig. 7(b) ]. Both the increase in sensitivity and decrease in resonance width with temperature contribute to an improved detection limit with increasing temperature (see Fig. 8 ). Overall, lower index contrasts provide slightly higher sensitivity, but the dominant contribution in improving detection limit comes from the increase in the coupling length and the decrease in the resonant wavelength as expected from Eq.(13). When using Eq. (13) to analyze detection limits, it is thus important to remember that resonant wavelength λ r , coupling length L c , and satellite overlap integral f u , sat are not independent quantities for a given structure. Also, when using the directional coupler as a RI sensor, it is important to note that the coupling length and thus optimal length of hole infiltrated with fluid depends on RI.
IV. NUMERICAL SIMULATIONS
A. Lattice Pitch
We evaluate the influence of the pitch of the hole structure on the theoretical detection limit, keeping all other fiber parameters the same. The full dispersion curves and mode profiles as a function of wavelength are calculated using multipole theory for the HE 11x mode of the core and TM 1 mode of the satellite waveguide for a range of pitches, and for two analyte refractive indices, corresponding to a fluid temperature of 55.5
• C and 56.5
• C (yielding an analyte index change of -3.86 × 10 −4 ). From these simulations, we can extract the sensitivity, resonance wavelengths and width, coupling lengths, and detection limit. First, we look at the sensitivity and resonance widths, from which the detection limit can be evaluated using Eqs. (11) and (12) . Fig. 9 shows the sensitivity determined numerically by the amount of resonant wavelength shift with respect to this RI change (blue curve) for each value of the pitch, as well as using coupled mode theory using Eq. (9) (red curve), where values of κ, f sat and group indices are taken at the resonance wavelength λ r (the evolution of λ r is shown in Fig. 10 ).
The evolution with pitch of the resonance width (Δλ −3dB ) evaluated using Eq. (10) is also shown in Fig. 9 . Again coupled mode theory and full numerical simulations match well, although the curve from coupled mode equations is slightly more jittery-we attribute this to numerical noise from the overlap integrals. The sensitivity in Fig. 9 changes only very slightly with pitch, while the resonance width changes quite substantially. This can be explained in terms of the changes in field overlap and group index mismatch: for larger pitch, or smaller d/Λ ratio, a larger fraction of the satellite mode field extends between the analyte channel and the air holes, resulting in smaller f sat varying from approximately 0.6 to 0.2. At the same time, Δn g varies from 0.25 to 0.01 and λ r from 1.59 to 1.48 μm, respectively. As a consequence, the sensitivity, which depends on the ratio of overlap and group index mismatch, only weakly depends on the pitch. The change in resonance width is related to the change of group index [see Eq. (10)], but also to a dramatic change in coupling length (see Fig. 10 ). Indeed, for smaller Λ both modes are increasingly confined by the air holes, leading to smaller κ, and longer L c , requiring longer (and for Λ < 7 μm arguably impractical) device lengths. Since the detection limit is proportional to Δλ −3dB [see Eqs. (11) and (12)], these narrow resonance widths provide low detection limits for small pitch sizes as shown in Fig. 10 . From this study, it appears clearly that to optimize the detection limit, optimizing the sensitivity or indeed group index mismatch alone is insufficient, and even the analysis in terms of sensitivity and resonance width [through Eq. (11)] is incomplete, in that it hides that the low detection limits for small pitch are largely provided by the large, impractical coupling lengths.
B. Satellite-Hole Diameter
While changing the pitch affects all overlap integrals, group indices and effective indices, changing the size of the satellite mode should allow us to modify f sat without affecting other quantities much. We carry out a similar analysis as in the previous section, but keeping the entire structure constant (Λ = 8 μm, d = 3.68 μm) except for the diameter of the central analyte hole of the satellite waveguide d sat . Fig. 11 shows the calculated sensitivity and the corresponding resonance width plotted as a function of satellite-hole diameter for the HE 11x -TM 1 mode combination. Here, the blue and red curves represent the simulation results from direct numerical evaluation and using coupled mode theory, respectively. As expected, the sensitivity increases with increasing d sat , due to an almost linear increase of f sat from 0.18 to 0.32 over the range of the figure, while Δn g only changes by 30% over this range. However, the increase in satellite hole size shifts the satellite dispersion curve so that λ r increases from 0.9 to 2 μm over the range studied. The increase in sensitivity is thus due to both, an increase in field overlap and an increase in resonant wavelength [see Eq. (9)]. For d sat > 4 μm, the calculated sensitivities is greater than 40000 nm/RIU as shown in Fig. 11(a) .
However, this increase in sensitivity does not yield improved detection limits: over the studied range, the coupling coefficient increases by approximately 80% with increasing d sat , leading to shorter coupling lengths for larger satellite holes. This can be attributed mostly to the fact that the satellite mode has an extended evanescent tail with increasing d sat . At the same time, the resonant wavelength doubles in the studied range so that λ r 2 /L c increases by a factor 23, which leads to large values of Δλ −3dB for large satellite holes as shown in Fig. 11(b) . Again the changes in Δλ −3dB are dominated by the changes in λ 2 r /L c , with Δn g only varying by 30% over the studied range. Fig. 12 shows the resulting detection limit and the coupling length as a function of local satellite diameter. Once again, the lowest detection limits are provided by the longer coupling lengths, but not by the largest overlap with the analyte f sat or by the largest sensitivity.
C. Satellite Waveguide Position
In all aforementioned studies, the satellite waveguide was in the same hole relative to the core. Here, we study how the sensor performs when the analyte is in other holes of the PCF. We only consider the air-holes on a plane of reflection symmetry of the PCF as candidates for fluid infiltration, and exclude holes adjacent to the fiber core since such a configuration would be experimentally difficult. Keeping the satellite hole on a plane of reflection symmetry allows us to use the above two-mode coupled mode formalism with the degenerate core mode [25] . Using the PCF's sixfold symmetry, this leaves four possible positions of the satellite waveguide, indicated as shaded region in Fig. 13 . We denote these hole positions by the radial distance (r sat ) between the fiber core and the satellite hole: i.e., r sat = 13.85, 16.00, 24.00, and 27.71 μm, respectively. As in the cases discussed earlier, we use the baseline structure with Λ = 8 μm and d = d sat = 3.68 μm.
The immediate local geometry of the satellite and core waveguides do not change with satellite waveguide position, and thus, the values of f sat , the effective indices, group indices and resonant wavelength are unaffected by changes in r sat . As a result, the sensitivity is approximately constant for all satellite positions. However, the position of the satellite waveguide significantly affects both κ (and thus, L c ) and Δλ −3dB . The calculated coupling lengths, resonance widths, and detection limits for each satellite-hole position are listed in Table I . If r sat increases, the modal overlap becomes weaker, resulting in both, longer L c and narrower Δλ −3dB . Since a device length of several meters is impractical, the optimal satellite-hole position in the considered structure is r sat = 16.00 μm (or 2Λ), which is the same position of satellite waveguide we have discussed in the previous sections.
V. USE AS A DIP SENSOR
In our previous experiments, the length of the PCF and the infiltration length of the fluid were constant, and thus, in general, not equal to the coupling length. As a consequence, the dips in transmission curves [see Fig. 6(b) ] are in general not of optimal depth or width, resulting in suboptimal detection limits. For best performance, the amount of fluid infiltrated into the satellite hole should be carefully controlled so that the fluid length is close to the coupling length. To achieve this, we modified the experimental set up so the PCF can be used as a dip-sensor [see Fig. 14(a) ]: First, we coated one of the PCF's end facet with gold by sputtering. All holes but one (the analyte channel) are then blocked with a UV-curable epoxy. The insets show a schematic of the cross section of the PCF along with a microscope image. The gold coating acts as a mirror for the core mode, and to a lesser degree also to the satellite modes [see Fig. 14(b) ], and the sensor can work in reflection. We butt-couple the uncoated facet of the PCF to a circulator, connected to the supercontinuum source and OSA, enabling the measurement of the reflection spectrum.
Note that while the core mode is almost completely reflected, the satellite mode's reflection coefficient r is to first order 1 -f sat as the surroundings of the satellite waveguide are reflective, but the analyte region is open ended.
The unblocked hole is then filled with RI fluid (Cargille Laboratories, Inc., index-matching fluid, series A base index of n fluid = 1.49 at 589.3 nm at 25
• C) simply by dipping the coated end facet into a reservoir. We chose a lower base index for this set of experiments so the resonant frequency would be within the operating range of our circulator at room temperature. A continuous fluid strand infiltrates the hole by capillary forces, with its length L fluid increasing as the square root of filling time
1/2 , where d and t the diameter of analyte hole and filling time, respectively; K is a constant depending on both viscosity and surface tension. We determine the constant Kd by monitoring the scattering pattern of a He-Ne laser beam propagating through the cross section of the fiber [24] , [26] . In our measurements, the infiltrated length reaches 8 cm in 1 h, which means the length of fluid strand can be readily controlled by adjusting the filling time [24] . The reflection spectra of the sensor are measured at the third port of circulator with an OSA every 30 s while the fluid strand grows longer. During the measurements, the fluid-filled fiber is shielded with a container in order to minimize temperature fluctuations.
The density plots in Fig. 15 show the evolution of reflection spectra as a function of the length of the infiltrated fluid strand as calculated [see Fig. 15(a) ], and as measured [ Fig. 15(b) ] for the HE 11x -TM 1 mode combination for various values of r. Each color level represents the reflected power of core transmission. In the experiment, Fig. 15(b) , two prominent resonance peaks near 1510 nm are observed at L fluid = 3.7 cm and 5.8 cm (two blue areas). This is in relatively good agreement with the simulated spectra for the calculated value of r. The yellow ripples observed beside the two deep blue resonances denote the side-lobes of the core transmission consistent with the simulation results in Fig. 15 . The small inconsistency in coupling length can be attributed to imperfect measurement of the exact fiber dimensions, as discussed in Section IV.
VI. DISCUSSION
In all cases studied earlier, the sensitivity (S) and the resonance width (Δλ −3dB ) are largely determined by λ r f sat /Δn g and λ 2 r /(L c Δn g ), respectively. As a result, the detection limit (δn) is determined by λ r /(L c f sat ) according to Eq. (13) . Fig. 16 shows the detection limit plotted as a function of λ r /(L c f sat ) covering the four simulation studies in Sections III-C-IV-C. A very strong linear relationship is observed over the whole studied range. Note that while this is expected from Eq. (13), the data shown in Fig. 16 have not been calculated with Eq. (13) but using Eq. (10)-(12) based on a full numerical evaluation of the sensitivity for a wide range of different geometries so that the linear relation demonstrates the validity of the coupled mode approach and approximations made to reach Eq. (13).
The lowest theoretical detection limit is achieved for resonances at shorter wavelengths, with strong confinement of the satellite mode in the analyte, and using long coupling lengths. In the whole studied range of parameters, decreasing the index contrast of the sample is the simplest way to decrease λ r /(L c f sat ) because both L c and f sat increase. On the other hand, the use of PCFs with different pitch sizes or different sized satellite-holes is more complex to predict-while the effect of geometry on L c and f sat are relatively easy to understand through the overlap integrals [see Eqs. (4) and (8)], the influence of fiber geometry on λ r is more complex: Changing the geometry to optimize f sat and L c typically affects the dispersion curves of both the core and satellite modes, which can change λ r dramatically so overall λ r /(L c f sat ) is not lowered. Changing the satellite waveguide's position within the cladding allows us to change L c without changing λ r or f sat : using a satellite hole that is further away from the core is thus a straightforward way of improving the detection limit, as already found for a similar geometry [7] . However, this comes of course at the cost of having to increase the length of infiltrated fluid, which rapidly becomes impractical. From our study, an example of optimized best case detection limit could be achieved for a realistic implementation using Λ = 8 μm, d = 3.68 μm, d sat = 2.2 μm, r sat = 16.0 μm, and n sat at 85.5
• C. The calculation for this geometry yields a sensitivity of S = 15600 nm/RIU and Δλ −3dB = 0.33 nm, with a lowest detection limit of δn = 6.66 × 10 −8 RIU and a coupling length of L c = 13.3 cm, using the same assumption of SNR as aforementioned. We note that optimal performance is achieved for fluid lengths equal to the coupling length (or an odd multiple thereof), but since L c also depends on the fluid's RI, without a prior knowledge of the range of RI the analyte might be in, best performance can only be achieved by monitoring the spectrum as the fluid is filled.
VII. CONCLUSION
In conclusion, we presented a detailed study of the detection limit of PCF directional coupler-based RI sensors. We have shown that the detection limit is inversely proportional to the length of analyte divided by the wavelength (which corresponds to the number of field oscillations, or wavelengths, along the analyte) and inversely proportional to the overlap of satellite mode and the analyte. The performance of the sensor was studied for a wide range of geometrical parameters of the PCF and of the RI of the analyte, using both coupled mode theory and full numerical simulation. While PCF-based directional couplerbased sensors with detection limits below 10 −7 are possible for refractive indices close to that of the fiber's background material, the dependence of the coupling length on RI narrows the sensor's dynamic range.
